We investigate the problem of existence and uniqueness of ground states at fixed mass for two families of focusing nonlinear Schrödinger equations on the line.
Introduction
In this paper we investigate a class of doubly nonlinear Schrödinger equations on the real line of the form i∂ t ψ(x, t) = −∂ 2 xx ψ(x, t) − |ψ(x, t)| p−2 ψ(x, t) − |ψ(x, t)| q−2 δ 0 ψ(x, t) (1) with a focusing standard nonlinearity and a pointwise focusing nonlinearity located at the origin. Specifically, we address existence and uniqueness of ground states of the associated energy functional F p,q :
i.e. global minimizers of F p,q among all functions u ∈ H 1 (R) fulfilling the mass constraint u 2 L 2 (R) = µ > 0 . In other words, we seek solutions of the problem F p,q (µ) := inf
with H 1 µ (R) := { u ∈ H 1 (R) : u 2 L 2 (R) = µ } . Ground states are solutions of the stationary equation associated to (1) u ′′ + |u| p−2 u + |u| q−2 δ 0 u = ωu on R .
Moreover, according to the standard theory of stability [15, 21] , given any ground state u, it is well-known that the function ψ(x, t) = e iωt u(x) is an orbitally stable standing wave of (1) . We begin by considering a simplified model, looking for ground states of the functional D q :
with a pointwise nonlinearity located at the origin only, that is we consider the minimization problem
The corresponding time-dependent NLS equation is then i∂ t ψ(x, t) = −∂ 2 xx ψ(x, t) − |ψ(x, t)| q−2 δ 0 ψ(x, t) whose associated stationary equation reads u ′′ + |u| q−2 δ 0 u = ωu on R .
The first theorem identifies a subcritical regime q ∈ (2, 4), where ground states of D q exist and are unique at every value of the mass.
Theorem 1.1. Let 2 < q < 4. Then, for every µ > 0,
and there always exists a unique positive ground state χ q ∈ H 1 µ (R) at mass µ given by The situation changes at q = 4, as depicted in the following theorem. 
Moreover, there exists a family {χ λ } λ>0 ∈ H 1 2 (R) of positive ground states at mass 2, given by
Notice that, when q = 4, the threshold value of the mass µ = 2 appears and the infimum of the energy undertakes a sharp transition from 0 to −∞ crossing this critical mass. Moreover, ground states exist only at the threshold. For this reason, we call q = 4 the L 2 −critical nonlinearity of the model.
A similar behaviour is well-known (see [14] ) in the case of the standard nonlinearity only, i.e. for the energy functional
for which the L 2 −critical power is p = 6. Indeed, in the L 2 −subcritical setting p ∈ (2, 6), it has been shown that, for every µ > 0 there exists a unique (up to translations) ground state at mass µ, the so-called soliton. Conversely, at the critical power p = 6, the infimum of the energy passes from 0 to −∞ as the mass crosses the critical value µ = √ 3 2 π and a family of solitons exists only at this threshold value.
Turning to the doubly nonlinear functional F p,q , as one may expect, existence and uniqueness of ground states hold for every value of µ whenever p ∈ (2, 6) and q ∈ (2, 4), namely when both nonlinearities are subcritical. This is the content of the following theorem. Theorem 1.3 (Doubly subcritical regime). Let 2 < p < 6 and 2 < q < 4. Then, for every µ > 0,
and there always exists a unique positive ground state at mass µ.
Apparently, up to now no significant interaction between the two nonlinear terms takes place. This is no longer true when we take into account the critical powers. The interplay between a critical and a subcritical nonlinearity is unravelled in the next result. 
(ii) If 2 < p < 6 and q = 4, then there exists a unique positive ground state at mass µ if and only if µ < 2
First, notice that it is enough to consider one nonlinear term at its critical power to ensure the appearance of threshold phenomena. Moreover, the critical value of the mass is insensitive to the subcritical nonlinearity, as it corresponds to the threshold of the problem with the critical term only. On the other hand, the effect of the subcritical nonlinearity is evident in the range of masses smaller than the threshold, ensuring existence and uniqueness of ground states for all these values of µ. Furthermore, the absence of ground states at the critical mass marks a difference with respect to the purely critical cases and suggests that the passage from boundedness to unboundedness from below is smoothened by the presence of the subcritical power.
The last result concerns the doubly critical case, where simultaneously p = 6 and q = 4. Here we recover the typical structure of a purely critical setting, with the ground state energy level lifting from 0 to −∞ when exceeding a critical value of the mass and solutions existing only at the threshold. A quite remarkable feature due to the interaction between the two nonlinearities is given by the fact that the critical mass (13) is lower than the critical masses 
and
Note that equation (4) corresponds to the stationary NLS equation
coupled with the nonlinear condition at the origin
Since the only positive L 2 −solution of equation (15) on R is the soliton
possibly translated, the ground states of (2) can be constructed by pasting two pieces of soliton together, so that the matching condition (16) is satisfied. In this way, one obtains
with a given by the equation
Through the decades, the use of the nonlinear Schrödinger equation as a mathematical tool to describe reality has rapidly become prominent and widespread in several areas of physics, from the theory of Bose-Einstein condensates [16] to the propagation of laser beams [20, 28] , from signal transmission in a neuronal network [11] to fluid dynamics [23] . The interest in nonlinear Schrödinger equations with nonlinearity confined in a localized region of the space dates back to the early Nineties, mainly driven by the physical analysis of the dynamics of a quantum particle running through a barrier or some impurity in a medium (see for instance [8, 22, 24, 25, 26, 27, 31, 32] and references therein). Since then, the problem has been studied both on the real line R (see [4, 5] and [9, 10] for the rigorous derivation from the standard NLS equation) and in higher dimensions (see [2, 3] for the three dimensional case and [1, 12, 13] for the problem in dimension two). More recently, a similar setting has been considered also on non-compact metric graphs (see [18, 19, 29, 30, 33] and [6, 7] for the nonlinear Dirac equation).
The remainder of the paper is organised as follows. In Section 2 we state a general compactness argument. Section 3 deals with the purely pointwise nonlinear functional D q , proving Theorems 1.1-1.2, whereas Sections 4-5-6 develop the analysis of the functional F p,q . Specifically, Section 4 treats the subcritical regime, exhibiting the proof of Theorem 1.3, while the discussion of the critical cases is given in Section 5 for a single critical exponent (Theorem 1.4) and in Section 6 for the case of both nonlinearities at the critical power (Theorem 1.5).
Remark. In what follows, we use symbols like u p to denote u L p (R) .
A general compactness argument
We begin here by stating and proving a general compactness result showing that, to guarantee the existence of ground states at mass µ for D q or F p,q , it is sufficient that the infimum of the energy in H 1 µ (R) is finite and strictly negative.
Before doing this, let us recall the well-known Gagliardo-Nirenberg inequality u
with K p > 0 the smallest constant for which the inequality is satisfied. Particularly, when p = 6, (18) reads
with K 6 = 4 π 2 (see [17] ). Furthermore, equality in (18)- (19) is attained if and only if (up to translations, dilations and phase) u is the soliton φ ω as in (17) .
When p = +∞, the following version of the inequality holds
Moreover, equality in (20) is realized if and only if (up to translations, dilations and phase) u(x) = e −|x| , x ∈ R.
Remark 2.1. Note that, for every µ > 0 and 2 < q < 4, the coercivity of D q in H 1 µ (R) is granted by inequality (20) . Similarly, (18) and (20) ensure that F p,q is coercive in H 1 µ (R) for every µ > 0 and every 2 < p < 6 and 2 < q < 4.
Remark 2.2. By a standard rearrangement argument, it is readily seen that the minimization problems (6) and (3) can be restricted to the subspace of real, non-negative functions u ∈ H 1 µ (R) that are even and non-increasing on (0, +∞). Indeed, up to replacing u with |u|, we can assume u real and u ≥ 0. Moreover, given a real u ∈ H 1 µ (R), u ≥ 0, and denoted by u ∈ H 1 µ (R) its symmetric rearrangement
we have
Let us also recall the following useful lemma.
Lemma 2.3. Let {u n } ⊂ H 1 (R) such that, for every n ∈ N, u n is even and non-increasing on (0, +∞).
, so that we have (possibly passing to a subsequence) x n → +∞ or x n → −∞. Without loss of generality, let x n → +∞. By the fact that u n is decreasing and belongs to H 1 (R), it then follows u n (x n ) → 0 as n → +∞. Indeed, if this was not true, then (up to subsequences) u n (x n ) → ℓ for some ℓ = 0 and we would have
as n → +∞, thus contradicting the boundedness of (u n ) in
We are now ready to prove the following compactness result.
then there exists a ground state of J at mass µ, i.e. u ∈ H 1 µ (R) such that
Proof. Fix µ > 0 and let {u n } ⊂ H 1 µ (R) be a minimizing sequence for J. By Remark 2.2, u n is non-negative, even and non-increasing on (0, +∞), for every n. By (21) and Remark 2.1, {u n } is bounded in H 1 (R), so that u n ⇀ u in H 1 (R), for some u ∈ H 1 (R). Thus, by Lemma 2.3, u n → u in L ∞ (R), which, coupled with the boundedness in L 2 (R), implies u n → u strongly in L p (R), for every p > 2. Then, by weak lower semicontinuity,
Suppose now u ≡ 0. By (22) , it then follows that J (µ) ≥ 0, contradicting (21) . Hence, u ≡ 0 on R. Moreover, if we assume 0 < u 2 2 < µ, then there exists β > 1 such that βu 2 2 = µ, so that βu ∈ H 1 µ (R), and consequently, making use of the fact that 2 < q < 4 when J = D q and 2 < p < 6, 2 < q < 4 when J = F p,q ,
i.e. a contradiction again. Therefore u 2 2 = µ, so that u ∈ H 1 µ (R) and by (22) u is a ground state of J at mass µ. This section is devoted to the analysis of the energy functional involving only the pointwise nonlinearity D q as in (5). We address here both the subcritical regime p ∈ (2, 4) and the critical case p = 4, proving Theorems 1.1-1.2.
Recall that equation (7) is equivalent to the equation
coupled with the matching condition (16) at the origin.
Proof of Theorem 1.1. Let µ > 0 be fixed. We split the proof into two parts.
Part 1. Existence. By Remark 2.1, D q is coercive for every µ > 0 and 2 < q < 4, and therefore bounded from below in H 1 µ (R). Moreover, given u ∈ H 1 µ (R), the mass preserving transformation
gives a family {u λ } ∈ H 1 µ (R) such that
provided λ is small enough. This proves (8) and, by Proposition 2.4, the proof is complete.
Part 2. Uniqueness. Recall that a ground states u ∈ H 1 µ (R) of D q at mass µ is an even, non-increasing on (0, +∞), positive solution of the Cauchy problem (23) . The only H 1 −solutions to (23) are
Furthermore,
thus showing for any given µ > 0 the existence of a unique ω for which (25) is a solution of (23) at mass µ. Hence, the positive ground state of D q at mass µ is unique and it is given by
Proof of Theorem 1.2. Since, given u ∈ H 1 µ (R),
inequality (20) implies
for every u ∈ H 1 µ (R), the inequality becoming strict when µ < 2. Furthermore, considering u λ as in (24), we get
as λ → 0, we conclude that D 4 (µ) = 0 for every µ ≤ 2. If µ < 2, then the fact that E(u) > 0 for every u ∈ H 1 µ (R) ensures that ground states at mass µ do not exist.
Consider then µ = 2 and suppose that there exists a ground state u ∈ H 1 2 (R) of D 4 which, by Remark 2.2, can be taken non-negative, even and non-increasing on (0, +∞), so that |u(0)| = u ∞ . Then, D 4 (u) = D 4 (2) = 0 leads to u
that is, u achieves equality in Gagliardo-Nirenberg inequality (20) . By uniqueness of the optimizers of (20) (see Section 2), it follows that there exists a unique family {χ λ } λ>0 ⊂ H 1 2 (R) of ground states of D 4 at mass µ = 2, given by
Finally, fix µ > 2 and let u := µ 2 χ 1 , so that u ∈ H 1 µ (R) and u realises equality in (20) u
and letting u λ be as in (24)
completing the proof of (9). 4 The energy functional F p,q : the subcritical regime 2 < p < 6, 2 < q < 4
In this section we begin the investigation of the model involving both the standard and the pointwise nonlinearity. Our aim here is to prove Theorem 1.3, focusing on the regime 2 < p < 6, 2 < q < 4 where both the nonlinearities are L 2 -subcritical. First, we state the following preliminary result. Proof. If u ∈ H 1 (R) is a solution of (15)- (16) , then by uniqueness of the solution of u ′′ + |u| p−2 u = ωu on R, it follows that u is the restriction of suitable translations of the soliton φ ω both on (−∞, 0) and on (0, +∞), i.e.
for some a − , a + ∈ R to be determined. As a useful notation, we rewrite (17) in the form
with σ := p 2 − 1, so that σ ∈ (0, 2). On the one hand, imposing u to be continuous at x = 0, we get |a − | = |a + |, so that we can write a ± = ε ± a, where a > 0 and ε ± := sgn(a ± ).
On the other hand, requiring u to fulfil u ′ (0 − ) − u ′ (0 + ) = u(0)|u(0)| q−2 we have, due to (26) ,
from which we deduce that ǫ − > ǫ + . This forces ǫ − = +1, ǫ + = −1 and consequently
Now, relying again on the explicit formula (26), relation (27) can be rewritten as tanh(σ √ ωa)
that is, setting t := tanh(σ √ ωa) and
, we get
Observing that f ((0, 1)) = (0, +∞) and
for every t ∈ (0, 1), it follows that, for every frequency ω > 0, there exists a unique solution t of (29) . Since the correspondence between t and a is one-to-one, we conclude.
We can now prove our main result in the case of both nonlinearities being subcritical.
Proof of Theorem 1.3. Fix µ > 0, p ∈ (2, 6) and q ∈ (2, 4). We divide the proof in two steps. Part 1. Existence. Coercivity of F p,q in H 1 µ (R) is guaranteed by Remark 2.1, so that F p,q is lower bounded in the mass constrained space. Furthermore, taking u ∈ H 1 µ (R), λ > 0 and letting u λ be as (24), we get u λ ∈ H 1 µ (R) and
Established the negativity of F p,q (µ) as in (10), Proposition 2.4 ensures that ground states at mass µ exist.
Uniqueness. Let u ∈ H 1 µ (R) be a ground state at mass µ. Then, u is a solution of (15)- (16) for a certain value of ω > 0, so that, by Proposition 4.1, it corresponds to the unique solution ϕ ω of (15)-(16).
Computing the mass of ϕ ω and imposing ϕ ω ∈ H 1 µ (R), we get
where t = t(ω) is the unique solution of (29) and as usual σ = p 2 − 1. Differentiating (30) with respect to ω yields at
Being t(ω) the unique solution of (29), by the Implicit Function Theorem it follows
and recalling (28) the second term in the square bracket can be further simplified to
(31) Taking advantage of formula (31), we now show that
for every ω > 0, σ ∈ (0, 2) and q ∈ (2, 4). If q − 2 − σ ≤ 0, then (32) is immediate, since t 2 q−2−σ σ + 1 > 0 for every t ∈ (0, 1) and the square bracket is the sum of two positive terms. Consider thus q − 2 − σ > 0 and set for every t ∈ (0, 1)
On the one hand, we have
On the other hand, differentiating F with respect to t gives
and direct computations show that F ′ (t) < 0 for every t ∈ (0, 1). Hence, F (t) is strictly positive in (0, 1) and so does dµ dω , thus proving (32). Finally, (32) implies that the mass µ of the ground state of F p,q in H 1 µ (R) is a strictly increasing function of ω. Therefore, for every µ > 0 there exists a unique ω > 0 such that ϕ ω as in Proposition 4.1 is the required ground state.
5
The energy functional F p,q : the cases p = 6, 2 < q < 4 and 2 < p < 6, q = 4
Throughout this section, we discuss the behaviour of the minimization problem (3) when one of the two nonlinearities is subcritical and the other is critical. Here follows the proof of Theorem 1.4, dealing with the cases p = 6, 2 < q < 4 and 2 < p < 6, q = 4.
Proof of Theorem 1.4. We begin by proving statement (i). Given q ∈ (2, 4) and µ > 0, plugging (19) and (20) into F 6,q yields
for every u ∈ H 1 µ (R). Recalling the actual value of K 6 = 4 π 2 , we get that, if µ < √ 3 2 π, the coefficient of u ′ 2 2 in the right-hand side above is positive and, since q ∈ (2, 4), F 6,q is coercive in H 1 µ (R). Hence,
Moreover, given u ∈ H 1 µ (R) and taking u λ as in (24), then u λ ∈ H 1 µ (R) for every λ > 0 and
This proves the first part of (11) and implies existence of ground states for every µ < √ 3 2 π due to Proposition 2.4. Moreover, uniqueness of these ground states can be proved repeating the argument in the second part of the proof of Theorem 1.3, that works with no changes in the case p = 6, 2 < q < 4, too.
Conversely, given µ ≥
π (R) be the family of critical solitons attaining equality in Gagliardo-Nirenberg inequality (19) at mass
Setting u µ,λ :=
and using (33)
as λ → +∞, thus concluding the proof of (11) . The proof of statement (ii) is analogous to the previous case. Indeed, let µ > 0, p ∈ (2, 6) and q = 4. Plugging (18) and (20) into F p,4 , we have, for every u ∈ H 1 µ (R)
so that, if µ < 2, then F p,4 (u) → +∞ as u ′ 2 → +∞ and the energy is coercive and lower bounded in H 1 µ (R). Therefore, arguing as above, F p,4 (µ) < 0 and ground states exist and are unique for every µ < 2.
On the contrary, in the case µ ≥ 2, let χ λ (x) = √ 2λe −λ|x| be optimal in the Gagliardo-Nirenberg inequality (20) , i.e.
and set u µ,λ := µ 2 χ λ . Thus, u µ,λ ∈ H 1 µ (R) and it follows
when λ → +∞, and (12) is proved. 6 The energy functional F 6,4
Here we give the proof of Theorem 1.5, dealing with the case of both nonlinearities at their corresponding critical powers. We preliminary notice that, defined u λ (x) = √ λu(λx), one has
As a consequence, letting λ → 0 in (34), it follows F 6,4 (µ) ≤ 0 for every µ > 0. Moreover, if there exists v ∈ H 1 µ (R) such that F 6,4 (v) < 0, then as λ → +∞ we get F 6,4 (µ) = −∞.
Proof. Assume first that F 6,4 (µ 1 ) = −∞. Therefore, there exists u ∈
making use of the fact that µ 2 /µ 1 > 1. We conclude that F 6,4 (µ 2 ) = −∞. The proof of statement (ii) is analogue to the proof of (i). Indeed, assuming by contradiction that F 6,4 (µ 1 ) = 0, then F 6,4 (µ 1 ) < 0. Hence, there exists u ∈ H 1 µ 1 (R) realizing strictly negative energy F 6,4 (u) < 0 and repeating the previous argument yields F 6,4 (µ 2 ) = −∞, a contradiction.
Let us introduce
Remark 6.1. Suppose µ * > 0. Then, by Lemma 6.1 and definition of µ * , it follows
Furthermore, given µ > 0 and rewriting every v ∈ H 1 µ (R) as v = √ µu, for a suitable u ∈ H 1 1 (R), it is readily seen that As f u (µ) is a continuous function of µ for every fixed u ∈ H 1 1 (R), F 6,4 (µ) is an upper semicontinuous function of the mass. By (36), this entails for every sequence of masses {µ n } such that µ n < µ * for all n, µ n → µ * as n → +∞. Since F 6,4 (µ) ≤ 0 for every µ, we then have F 6,4 (µ * ) = 0.
The next lemma guarantees that if µ * is not equal to zero, then global minimizers of F 6,4 must exist at mass µ * .
Lemma 6.2. If µ * > 0, then ground states at mass µ * exist, i.e. there exists u ∈ H 1 µ * (R) such that F 6,4 (u) = F 6,4 (µ * ). Proof. By Remark 6.1, F 6,4 (µ * ) = 0 and F 6,4 (µ) = −∞ for every µ > µ * . Therefore, given µ > µ * , the continuity of F 6,4 and the connection of H 1 µ (R), there exists u µ ∈ H 1 µ (R) such that F 6,4 (u µ ) = 0. Moreover, up to a mass preserving transformation and without loss of generality, we can further assume u ′ µ 2 = 1 and u µ even and non-increasing on (0, +∞). Hence, {u µ } is bounded in H 1 (R) and (up to subsequences) u µ ⇀ u in H 1 (R) and u µ → u in L ∞ loc (R), for some u ∈ H 1 (R). By Lemma 2.3, u µ → u in L ∞ (R) and henceforth in L p (R) for every p > 2 so that, coupled with weak lower semicontinuity, since µ * /m > 1. This is impossible, since in the first part of the proof we already showed that F 6,4 (µ * ) = 0. Thus, u ∈ H 1 µ * (R) and F 6,4 (u) = 0 by (37), that is u is a ground state at mass µ * .
We can now prove Theorem 1.5.
